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Abstract
In an earlier paper we have constructed a basis of massless single particle quantum states which
transform in the unitary principal series representation of the four dimensional Lorentz group. The
S-matrix written in this basis gives rise to the Mellin transformed amplitude of Pasterski-Shao-
Strominger and its generalization. In this basis the particle can be thought of as living on the
null-infinity in the Minkowski space. In this paper we take some preliminary steps to see how
the connection between soft theorems and symmetries work out in this picture. For simplicity
we consider only the leading soft photon and soft graviton theorems which are related to U(1)
Kac-Moody and supertranslations.
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I. INTRODUCTION
In the pioneering works [1, 2] a remarkable connection was found between the asymptotic
symmetries of gauge and gravity theories in flat space and the physics in the infrared. In
particular, this has established [1–5] that Weinberg’s soft theorems [6] for massless particles
can be thought of as the Ward identity for infinite-dimensional global symmetries acting
on the null-infinity in Minkowski space-time. Later this was extended to massive particles
[26–28] in which case the infinite dimensional symmetries act on timelike infinity rather than
null-infinity. In this paper we focus only on the massless case.
In four dimensions the space of null-momentum directions is a two-sphere - the so-called
celestial sphere. The four dimensional Lorentz group SL(2,C) acts on the celestial sphere as
the group of global conformal transformations. Now in a related development [7–9] Paster-
ski, Shao and Strominger have proposed an integral (Mellin) transform of massless (and
massive) scattering amplitude (S-matrix) with the property that the resulting amplitude
transforms under SL(2,C) as the correlation function of products of SL(2,C) primaries liv-
ing on the celestial sphere. From the space-time point of view one gets the amplitude on the
celestial sphere if, instead of the plane waves, one uses the conformal primary wave-functions
[8, 10, 11] to describe the external particles. The study of [8] also established that the con-
formal primary wave-functions are closely related to the Unitary Principal Continuous Series
Representation of SL(2,C) (Lorentz group) [22–25]. The Mellin transformed amplitude has
been computed for several field theories at both tree and loop level [9, 18–21].
Now, one of the most attractive features of this approach [7–9] is that it suggests a
way of going directly from the momentum space to null-infinity. The connection between
soft theorems and asymptotic symmetries also suggests that one should be able to do this.
But this particular approach goes beyond the soft sector of the gauge or gravity theory.
In an earlier paper [17] we have studied this question from the Hilbert space perspective.
Following [7–9] we have constructed [17] a basis of massless single particle quantum states
which transform in the unitary principal series representation of the Lorentz group. It
turns out that these states also transform nicely under global space-time translations. From
physical point of view a massless particle in this state can be thought of as living on the
null-infinity.
An interesting question to ask is that how one can see the connection between soft-
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theorems and symmetries in this approach. In this paper we take preliminary steps in this
direction by rewriting Weinberg’s soft theorems in this basis [7–9, 17] and relating it to
infinite dimensional global symmetries [1, 2]. Technically this is very similar to [12] except
that we are using a different basis.
II. CONVENTIONS
In this paper we consider only massless particles. It is well known that we can associate
a Hermitian matrix with a (null) four-vector p in the following way,
p =
 p0 − p3 p1 + ip2
p1 − ip2 p0 + p3
 (2.1)
The determinant of the matrix gives the norm of the four vector, i.e, det p = −p2. Now
let Λ be a SL(2,C) matrix which acts on p as,
p→ p′ = ΛpΛ† =
 p′0 − p′3 p′1 + ip′2
p′1 − ip′2 p′0 + p′3
 , Λ =
a b
c d
 ∈ SL(2,C) (2.2)
Under this action p′ is again an Hermitian matrix and the determinant does not change,
i.e, det p = det p′ and so the the norm of the four-vectors p and p′ are the same. So Eq-2.2
represents a Lorentz transformation. In this way we can associate to every SL(2,C) matrix
Λ a Lorentz transformation which we also denote by Λ. To be more precise, the pair of
SL(2,C) matrices {±Λ} get mapped to the same Lorentz transformation. In terms of the
components of the four vector p we can write the Lorentz transformation as,
p′µ = Λµν(a, b, c, d) pν (2.3)
where Λµν(a, b, c, d) is calculated from Eq-2.2.
Another important quantity is the complex number z defined as,
z =
p1 + ip2
p0 + p3
, p2 = 0 (2.4)
Topologically a space-like cross-section of the null-cone is a two-sphere and z is the
stereographic coordinate on that. So z specifies the direction of the null momentum vector.
The space of null directions is also known as the celestial sphere.
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Under (Lorentz) SL(2,C) transformation z transforms as,
z → z′ = p
′1 + ip′2
p′0 + p′3
=
az + b
cz + d
(2.5)
So the Lorentz transformations act as global conformal transformations on S2.
In terms of z a null vector p can be parametrized as,
p = E
(
1,
z + z¯
1 + zz¯
,
−i(z − z¯)
1 + zz¯
,
1− zz¯
1 + zz¯
)
, E = p0 (2.6)
An alternative parametrization is,
p = ω
(
1 + zz¯, z + z¯,−i(z − z¯), 1− zz¯
)
=
E
1 + zz¯
(
1 + zz¯, z + z¯,−i(z − z¯), 1− zz¯
)
(2.7)
We will use both.
Under (Lorentz) SL(2,C) transformation,
E → E ′ = E |az + b|
2 + |cz + d|2
1 + zz¯
(2.8)
In terms of ω,
ω → ω′ = ω|cz + d|2 (2.9)
Let us now say a few things about the unitary operators which implement Lorentz trans-
formation in Hilbert space. Let us consider a Lorentz transformation Λ which acts on
space-time coordinates as, xµ → x′µ = Λµνxν . Let U(Λ) denote the corresponding unitary
operator acting on the Hilbert space. For an infinitesimal transformation we write [52],
U(Λ) = 1+
i
2
ωµνJ
µν+........, Λµν = δ
µ
ν+ω
µ
ν , ωµν = ηµα ω
α
ν = −ωνµ, Jµν† = Jµν (2.10)
Now the six generators Jµν can be organised into rotation and boost three-vectors given
by ~J = (J1, J2, J3) and ~K = (K1, K2, K3). ~J and ~K are both Hermitian. For our purpose it
will be more convenient to write them in terms of the generators (L0, L±1, L¯0, L¯±1) defined
as [17],
L0 =
−J3 + iK3
2
, L¯0 = −L0† (2.11)
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L1 =
−J1 + iK1
2
+ i
−J2 + iK2
2
, L¯1 = −L1† (2.12)
L−1 = −−J1 + iK1
2
+ i
−J2 + iK2
2
, L¯−1 = −L−1† (2.13)
The commutation relation between these generators can be written as,
[Lm, Ln] = (m− n)Lm+n, [L¯m, L¯n] = (m− n)L¯m+n, m, n = 0,±1 (2.14)
The hermiticity of ~J and ~K gives the following reality condition,
L†n = −L¯n (2.15)
Now consider an infinitesimal Lorentz transformation U(Λ) generated by Ln and L¯n. It
can be written as
U(Λ) = 1 + αLn + α¯L¯n + ....... (2.16)
where α is a complex number and α¯ is the complex conjugate of α. Using the reality
condition on Ln and L¯n it is easy to see that U(Λ) is unitary.
Now the SL(2,C) transformations which correspond to U(Λ) can be written in terms of
z as [17]
z → z′ = z + αzn, n = 0,±1 (2.17)
So as usual L1 generates translation, L0 generates dilatation and L−1 generates special
conformal transformations on the two-sphere parametrized by (z, z¯).
III. REVIEW
Let us now review the part of [7–9, 17] which will be used in this paper.
Let us consider free massless particles in four dimensions. The Hilbert space of these
particles carries unitary representation of the four dimensional Poincare group ISO(3, 1).
For our purpose it will be useful to identify the Lorentz (sub-)group with SL(2,C).
Using this data one can construct an abstract three dimensional space-time with coordi-
nates denoted by (u, z, z¯) on which the Poincare group acts as,
Λ(u, z, z¯) =
(
u (1 + zz¯)
|az + b|2 + |cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(3.1)
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T (l)(u, z, z¯) = (u+ f(z, z¯, l), z, z¯) (3.2)
where
f(z, z¯, l) =
(l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯
1 + zz¯
(3.3)
Here Λ is a SL(2,C) (Lorentz) transformation and T (l) is a global space-time translation
by a four-vector lµ. There is no Poincare invariant metric in this space but rather there is
a conformal structure.
This three dimensional space-time hosts free Heisenberg-picture creation and annihilation
fields defined as,
A†λ,σ(u, z, z¯) =
1√
8pi4
(
1
1 + zz¯
)1+iλ ∫ ∞
0
dE EiλeiEu a†(p, σ), λ ∈ R, 2σ ∈ Z (3.4)
Aλ,σ(u, z, z¯) =
1√
8pi4
(
1
1 + zz¯
)1−iλ ∫ ∞
0
dE E−iλe−iEu a(p, σ), λ ∈ R, 2σ ∈ Z (3.5)
where a†(p, σ) and a(p, σ) are the momentum space creation and annihilation operators for
a massless particle with null momentum p and helicity σ.
The equations defining A†λ,σ(u, z, z¯) and Aλ,σ(u, z, z¯) on the (u, z, z¯) space are analogous
to the equations
φ−(xµ) =
∫
d3~p
(2pi)32|~p|e
−ip.xa†(p) (3.6)
φ+(xµ) =
∫
d3~p
(2pi)32|~p|e
ip.xa(p) (3.7)
which define, for example, the creation and annihilation parts of a free massless scalar
(quantum) field on the Minkowski space-time. The only difference is that now we have
defined A†λ,σ(u, z, z¯) and Aλ,σ(u, z, z¯) also for spinning massless particles.
Let us also define Lorentz tensors in this space as any function φh,h¯(u, z, z¯) which trans-
forms under SL(2,C) as,
φ′h,h¯(u
′, z′, z¯′)
(
dz′
dz
)h(
dz¯′
dz¯
)h¯
= φh,h¯(u, z, z¯) (3.8)
where (h, h¯) are arbitrary complex numbers subject to the restriction that h − h¯ ∈ Z/2.
(u′, z′, z¯′) are related to (u, z, z¯) by Eq-(3.1).
Under SL(2,C) (Lorentz) transformation creation and annihilation fields transform ho-
mogeneously as tensors,
U(Λ)A†λ,σ(u, z, z¯) U(Λ)
−1 =
1
(cz + d)2h
1
(c¯z¯ + d¯)2h¯
A†λ,σ
(
u (1 + zz¯)
|az + b|2 + |cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(3.9)
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U(Λ)Aλ,σ(u, z, z¯) U(Λ)
−1 =
1
(cz + d)2h¯∗
1
(c¯z¯ + d¯)2h∗
Aλ,σ
(
u (1 + zz¯)
|az + b|2 + |cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(3.10)
where (h, h¯) are little-group indices given by,
h =
1 + iλ− σ
2
, h¯ =
1 + iλ+ σ
2
(3.11)
∗ denotes complex conjugation.
Now under global space-time translation by a four-vector lµ the fields transform as,
e−il.PA†λ,σ(u, z, z¯)e
il.P = A†λ,σ(u+ f(z, z¯, l), z, z¯) (3.12)
e−il.PAλ,σ(u, z, z¯)eil.P = Aλ,σ(u+ f(z, z¯, l), z, z¯) (3.13)
where P µ is the translation operator and f(z, z¯, l) is given in Eq-3.3 .
The (anti-)commutator of the creation and annihilation fields can be computed and is
given by,
[Aλ,σ(u, z, z¯), A
†
λ′,σ′(u
′, z′, z¯′)]± =
δσσ′
2pi
Γ
(
i(λ′ − λ))
(1 + zz¯)i(λ′−λ)
δ2(z′ − z)(− i(u′ − u+ i))i(λ′−λ) , → 0+
(3.14)
Here we have used the relation,
[a(p1, σ1), a
†(p2, σ2)]± = (2pi)32|~p1|δ3(~p1 − ~p2)δσ1σ2 (3.15)
This commutator is Lorentz covariant and translation invariant.
This, at least in principle, complete the specification of the free field theory on (u, z, z¯)
space because any other thing can be computed from the basic commutator given in Eq-
(3.14).
Now, as far as the action of the Poincare group is concerned, this abstract three dimen-
sional space-time can be realized as the null-infinity of the Minkowski space with (u, z, z¯) as
Bondi coordinates. But this does not play any major role in the following discussions.
IV. SYMMETRIES OF FREE MASSLESS PARTICLES
The following discussion is strongly motivated by the remarkable connection between
soft-theorems and asymptotic symmetries. In particular, it seems that if we want to use
the approach of [7–9, 17] to study the relation between soft-theorems and symmetries, then
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we cannot think of these symmetries as asymptotic. The simplest reason being that the
starting point is not a theory defined in Minkowski space-time.
The following discussion is a very preliminary attempt in this direction. Loosely speaking
we pick up the hard part of the asymptotic symmetry generator (charge) and then turn off all
interactions. In the non-interacting theory the hard-charge by itself is a symmetry generator
and so we can study it in its own right in the free Hilbert space. This is also closer to the
usual way of doing perturbative quantum field theory where we start with a free theory
with certain symmetries and then ask what kind of interactions are allowed if the symmetry
remains intact in the interacting theory.
A. (Super)translation
Let us consider free massless particles of helicity σ. We keep the helicity unspecified
because at this stage nothing really depends crucially on helicity and the following discussion
is purely algebraic. For simplicity let us just consider bosons. The conclusions remain
unchanged for fermions.
The Hamiltonian can be written as,
H =
∫
dµ(p)|~p| a†(p, σ)a(p, σ) (4.1)
where dµ(p) is the Lorentz invariant measure given by
dµ(p) =
d3~p
(2pi)32|~p| (4.2)
and
[a(p1, σ), a
†(p2, σ)] = (2pi)3 2|~p1|δ3(~p1 − ~p2) (4.3)
Now parametrizing p in terms of (E, z, z¯) we can write,
H =
∫
dµ(p) E a†(E, z, z¯, σ)a(E, z, z¯, σ) (4.4)
where
dµ(p) =
d3~p
(2pi)32|~p| =
E2dE
(2pi)32E
4d2z
(1 + zz¯)2
, d2z = dRe z d Im z (4.5)
Let us now consider the following charges defined as,
Tf =
∫
dµ(p) E f(z, z¯)a†(E, z, z¯, σ)a(E, z, z¯, σ) = T †f (4.6)
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where f(z, z¯) is an arbitrary real smooth function on the 2-sphere parametrized by (z, z¯).
The operator Tf has the following properties :
1)
[H,Tf ] = 0 (4.7)
So the charges are conserved for any function f(z, z¯).
2)
[Tf , Tf ′ ] = 0 (4.8)
for arbitrary f and f ′.
3) The last important property is,
[Tf , a
†(E, z, z¯, σ)] = Ef(z, z¯)a†(E, z, z¯, σ) (4.9)
[Tf , a(E, z, z¯, σ)] = −Ef(z, z¯)a(E, z, z¯, σ) (4.10)
Let us now consider the unitary operator Uf = e
−iHf . This unitary operator is a ”Super-
translation - operator” in the (u, z, z¯) space.
In order to see this let us go back to the basic creation/annihilation fields in the (u, z, z¯)
space given by,
A†λ,σ(u, z, z¯) =
1√
8pi4
(
1
1 + zz¯
)1+iλ ∫ ∞
0
dE EiλeiEu a†(p, σ), λ ∈ R, σ ∈ Z (4.11)
Aλ,σ(u, z, z¯) =
1√
8pi4
(
1
1 + zz¯
)1−iλ ∫ ∞
0
dE E−iλe−iEu a(p, σ), λ ∈ R, σ ∈ Z (4.12)
Now it is easy to see using the commutator of Tf with the momentum space cre-
ation/annihilation operators that ,
eiTfA†λ,σ(u, z, z¯)e
−iTf =
1√
8pi4
(
1
1 + zz¯
)1+iλ ∫ ∞
0
dE EiλeiE(u+f(z,z¯)) a†(p, σ)
= A†λ,σ(u+ f(z, z¯), z, z¯)
(4.13)
For infinitesimal transformation,
f(z, z¯)
∂A†λ,σ
∂u
= i[Tf , A
†
λ,σ] (4.14)
Similarly,
eiTfAλ,σ(u, z, z¯)e
−iTf =
1√
8pi4
(
1
1 + zz¯
)1+iλ ∫ ∞
0
dE EiλeiE(u+f(z,z¯)) a(p, σ)
= Aλ,σ(u+ f(z, z¯), z, z¯)
(4.15)
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and
f(z, z¯)
∂Aλ,σ
∂u
= i[Tf , Aλ,σ] (4.16)
for infinitesimal f .
So we can see that the unitary transformation Uf = e
−iTf generates a point transformation
in the (u, z, z¯) space given by,
(u, z, z¯)→ (u+ f(z, z¯), z, z¯) (4.17)
where f(z, z¯) is an arbitrary real smooth function. Now if we choose f(z, z¯) to be of the
following form
f(z, z¯, l) =
(l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯
1 + zz¯
(4.18)
where lµ is some four-vector, then we get back the global Minkowski space translations. If
we relax this condition then we get ”Supertranslations” in the (u, z, z¯) space. At this point
we would like to emphasize that this has nothing to do with asymptotic symmetry.
Let us now see explicitly what happens to the commutator of Aλ,σ and A
†
λ,σ. The com-
mutator is given by,
[Aλ,σ(u, z, z¯), A
†
λ′,σ′(u
′, z′, z¯′)] =
δσσ′
2pi
Γ
(
i(λ′ − λ))
(1 + zz¯)i(λ′−λ)
δ2(z′ − z)(− i(u′ − u+ i))i(λ′−λ) , → 0+
(4.19)
Now using the expressions for eiTfAλ,σ(u, z, z¯)e
−iTf and eiTfA†λ,σ(u, z, z¯)e
−iTf we get,
[
eiTfAλ,σ(u, z, z¯)e
−iTf , eiTfA†λ′,σ′(u
′, z′, z¯′)e−iTf
]
=
[
Aλ,σ(u+ f(z, z¯), z, z¯), A
†
λ′,σ′(u+ f(z
′, z¯′), z′, z¯′)
]
=
δσσ′
2pi
Γ
(
i(λ′ − λ))
(1 + zz¯)i(λ′−λ)
δ2(z′ − z)(− i(u′ + f(z′, z¯′)− u− f(z, z¯) + i))i(λ′−λ)
=
δσσ′
2pi
Γ
(
i(λ′ − λ))
(1 + zz¯)i(λ′−λ)
δ2(z′ − z)(− i(u′ − u+ i))i(λ′−λ)
=
[
Aλ,σ(u, z, z¯), A
†
λ′,σ′(u
′, z′, z¯′)
]
(4.20)
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The f ’s in the denominator cancel due to the presence of δ2(z − z′). Physically this is just
the fact that a free particle moves without changing its direction of motion and this makes
the free theory on (u, z, z¯) space ultralocal in the spatial direction.
Let us now write down the commutation relation between the Lorentz generators and
the supertranslations and show that the algebra is isomorphic to the BMS algebra without
superrotations.
Let us start with the definition of the charge Tf given by,
Tf =
∫
dµ(p) E f(z, z¯)a†(E, z, z¯, σ)a(E, z, z¯, σ) (4.21)
We will also need the following transformation properties,
U(Λ)−1a†(p, σ)U(Λ) = eiσθ(Λ,p)a†(Λ−1p, σ) (4.22)
U(Λ)−1a(p, σ)U(Λ) = e−iσθ(Λ,p)a(Λ−1p, σ) (4.23)
where the quantities appearing have their standard meaning [52]. Using this we can write,
U(Λ)−1TfU(Λ) =
∫
dµ(p) E f(z, z¯)U(Λ)−1a†(E, z, z¯, σ)U(Λ)U(Λ)−1a(E, z, z¯, σ)U(Λ)
=
∫
dµ(p) E f(z, z¯)a†(Λ−1E,Λ−1z,Λ−1z¯, σ)a(Λ−1E,Λ−1z,Λ−1z¯, σ)
=
∫
dµ(Λ−1p) ΛΛ−1E f(ΛΛ−1z,ΛΛ−1z¯)a†(Λ−1E,Λ−1z,Λ−1z¯, σ)a(Λ−1E,Λ−1z,Λ−1z¯, σ)
=
∫
dµ(p) ΛE f(Λz,Λz¯)a†(E, z, z¯, σ)a(E, z, z¯, σ)
=
∫
dµ(p)
(
E
|az + b|2 + |cz + d|2
1 + zz¯
)
f(Λz,Λz¯)a†(E, z, z¯, σ)a(E, z, z¯, σ)
=
∫
dµ(p) E
( |az + b|2 + |cz + d|2
1 + zz¯
f(Λz,Λz¯)
)
a†(E, z, z¯, σ)a(E, z, z¯, σ)
=
∫
dµ(p) E f ′(z, z¯)a†(E, z, z¯, σ)a(E, z, z¯, σ)
= Tf ′
(4.24)
So the supertranslation charges transform as,
U(Λ)−1TfU(Λ) = Tf ′ , f ′(z, z¯) =
|az + b|2 + |cz + d|2
1 + zz¯
f(Λz,Λz¯) (4.25)
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Here Λz = az+b
cz+d
.
Now since the global translation generators P µ are already part of the supertranslations
the above commutation relation already contains U(Λ)−1P µU(Λ) = ΛµνP ν . It is instructive
to write the global translation generators in terms of Tf . In terms of creation/annihilation
operators we can write,
P µ =
∫
dµ(p) pµ a†(E, z, z¯, σ)a(E, z, z¯, σ), (4.26)
Now,
p = E
(
1,
z + z¯
1 + zz¯
,
−i(z − z¯)
1 + zz¯
,
1− zz¯
1 + zz¯
)
(4.27)
So we get,
P 0 = H = Tf , f = 1 (4.28)
P 1 = Tf , f =
z + z¯
1 + zz¯
(4.29)
P 2 = Tf , f =
−i(z − z¯)
1 + zz¯
(4.30)
P 3 = Tf , f =
1− zz¯
1 + zz¯
(4.31)
Let us now write down the following linear combinations,
P 0 + P 3 = T00, f =
2z0z¯0
1 + zz¯
(4.32)
P 0 − P 3 = T11, f = 2z
1z¯1
1 + zz¯
(4.33)
P 1 + iP 2 = T10, f =
2z1z¯0
1 + zz¯
(4.34)
P 1 − iP 2 = T01, f = 2z
0z¯1
1 + zz¯
(4.35)
1. Global BMS
Now to write down the generators of supertranslation we have to expand the function
f(z, z¯) in a basis. The natural basis to do this is the spherical harmonics on the sphere [14].
So we can define,
13
Tlm = Tf , f ∼ Ylm(θ, φ) (4.36)
We can use the basic relation Eq-4.25 to calculate the commutator between the Lorentz
generators and the Tlm. But for simplicity we will not do so.
2. Local BMS
It is simpler to compute the commutator between Lorentz generators and Tpq defined as
[15],
Tf = Tpq, f =
2zpz¯q
1 + zz¯
(4.37)
where (p, q) are integers. The corresponding generators will be denoted by Tpq.
Let us also note that the reality condition on the generators is given by,
T †pq = Tqp (4.38)
So the Hermitian charge can be written as,
T =
∑
p,q
CpqTpq, C
∗
pq = Cqp (4.39)
Let us now write down the commutators between the Lorentz generators (L0, L±1, L¯0, L¯±1)
and Tpq. In order to this we have to use the relation derived earlier,
U(Λ)−1TfU(Λ) = Tf ′ , f ′(z, z¯) =
|az + b|2 + |cz + d|2
1 + zz¯
f(Λz,Λz¯) (4.40)
Now it is much simpler to work with the function F (z, z¯) defined as,
F (z, z¯) = (1 + zz¯)f(z, z¯) (4.41)
In terms of F , the charge can be written as,
TF = Tf =
∫
dµ(p) E f(z, z¯)a†(E, z, z¯, σ)a(E, z, z¯, σ)
=
∫
dµ(p)
E
1 + zz¯
(1 + zz¯)f(z, z¯)a†(E, z, z¯, σ)a(E, z, z¯, σ)
=
∫
dµ(p)
E
1 + zz¯
F (z, z¯) a†(E, z, z¯, σ)a(E, z, z¯, σ)
(4.42)
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Under (Lorentz) SL(2,C) transformation TF (= Tf ) transforms as,
U(Λ)−1TFU(Λ) = TF ′ , F ′(z, z¯) = |cz + d|2 F (Λz,Λz¯) (4.43)
Now consider the infinitesimal SL(2,C) transformation generated by (Ln, L¯n),
U(Λ) = 1 + αLn + α¯L¯n, U(Λ)
−1 = 1− αLn − α¯L¯n (4.44)
where α¯ is the complex conjugate of α. In terms of the z coordinate this generates the
transformation,
z → Λz = z + αzn (4.45)
Now the generators Tpq correspond to Fpq(z, z¯) = 2z
pz¯q, i.e,
Tpq =
∫
dµ(p)
E
1 + zz¯
2zpz¯q a†(E, z, z¯, σ)a(E, z, z¯, σ) = T †qp (4.46)
Now we use the infinitesimal version of the relation given in Eq-4.43
(1− αLn − α¯L¯n)TF (1 + αLn + α¯L¯n) = TF ′ (4.47)
F ′(z, z¯) =
(
1− n+ 1
2
(αzn + α¯z¯n)
)
F
(
z + αzn, z¯ + α¯z¯n
)
(4.48)
and replace F (z, z¯) with Fpq(z, z¯) = 2z
pz¯q and TF with Tpq. Now after simple manipula-
tions we get the following commutators,
[Ln, Tpq] =
(
n+ 1
2
− p
)
Tp+n,q, [L¯n, Tpq] =
(
n+ 1
2
− q
)
Tp,q+n, p, q ∈ Z (4.49)
The rest of the commutators are,
[Lm, Ln] = (m− n)Lm+n, [L¯m, L¯n] = (m− n)L¯m+n, [Tpq, Tp′q′ ] = 0, [Lm, L¯n] = 0, L†n = −L¯n
(4.50)
Here m,n = 0,±1.
This is a subalgebra of the extended BMS algebra, including superrotations, found in
[15].
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3. Space-time relaization
Now since we know how the charges act on creation and annihilation operators in momen-
tum space we can also also write down the action of the unitary operator e−iTf on quantum
fields defined on Minkowski space. Let us consider a massless scalar field in Minkowski
space. The field corresponding to this is,
φ(x) =
∫
dµ(p)
(
eip.xa(p) + e−ip.xa†(p)
)
(4.51)
So the transformed field can be written as,
φf (x) = e
iTfφ(x)e−iTf =
∫
dµ(p)
(
eip.xeiEpf(z,z¯)a(p)+e−ip.xe−iEpf(z,z¯)a†(p)
)
, Ep = |~p| (4.52)
Now if we choose f(z, z¯) to be of the following form,
f(z, z¯, l) =
(l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯
1 + zz¯
(4.53)
then
φf (x
µ) = φ(xµ + lµ) (4.54)
So it is a space-time translation by four-vector lµ. But, there are infinitely many functions
f(z, z¯) for which there is no such simple geometric interpretation in terms of space-time. In
fact if we think of a and a† as complex conjugate c-numbers then φf is a solution of the
massless Klein-Gordon equation if φ is. So it maps classical solutions to classical solutions
as is expected for a symmetry transformation.
Now suppose we demand that an interacting theory of massless scalar fields should also
have this global symmetry. Arbitrary interaction will generically break this symmetry, but [2,
3] have shown that if we couple the massless particle to dynamical gravity then this symmetry
is preserved. This symmetry is now realized as the group of large diffeomorphisms and
becomes the conventional BMS supertranslations. So now, as a part of a much bigger (gauge)
symmetry group, the infinite dimensional global symmetry is realized locally geometrically
in space-time. What this means is that we can write down actions, as integral over space-
time of a local Lagrangian density, which are invariant under diffeomorphism and the infinite
dimensional global symmetry is a subset of such diffeomorphisms. This should be contrasted
with the situation in (u, z, z¯) space where supertranslations are realized locally from the very
beginning.
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B. Global U(1) Kac-Moody
Now consider a charged massless scalar particle. The usual expression for the conserved
charge of the particle can be written as,
Q = e
∫
dµ(p)
(
a†(p)a(p)− b†(p)b(p)) (4.55)
where the notation is standard. The commutators are,
[Q, a†(p)] = ea†(p), [Q, a(p)] = −ea(p) (4.56)
[Q, b†(p)] = −eb†(p), [Q, b(p)] = eb(p) (4.57)
Now just like supertranslation we can consider the following charges given by,
Qf = e
∫
dµ(p)f(z, z¯)
(
a†(p)a(p)− b†(p)b(p)) = Q†f (4.58)
Qf is obviously conserved and [Qf , Qf ′ ] = 0 for all f . The commutator of the charge with
the cretaion-annihilation operators is given by,
[Qf , a
†(p)] = ef(z, z¯)a†(p), [Qf , a(p)] = −ef(z, z¯)a(p) (4.59)
[Qf , b
†(p)] = −ef(z, z¯)a†(p), [Qf , b(p)] = ef(z, z¯)a(p) (4.60)
On the creation and annihilation fields on the (u, z, z¯) space the unitary operator e−iQf
acts like,
e−iQfA†λ(u, z, z¯)e
iQf = e−ief(z,z¯)A†λ(u, z, z¯), e
−iQfAλ(u, z, z¯)eiQf = eief(z,z¯)Aλ(u, z, z¯) (4.61)
e−iQfB†λ(u, z, z¯)e
iQf = eief(z,z¯)B†λ(u, z, z¯), e
−iQfBλ(u, z, z¯)eiQf = e−ief(z,z¯)Bλ(u, z, z¯) (4.62)
So in the (u, z, z¯) charges act by local phase multiplication. So we get an infinite dimensional
global U(1) symmetry. There is one copy of U(1) at every point of the sphere.
Let us now find out the Lorentz transformation properties of the charges. By the same
method, that we have applied to supertranslation, we get,
U(Λ)−1QfU(Λ) = Qf ′ , f ′(z, z¯) = f(Λz,Λz¯) (4.63)
So the total charge given by Qf=1 is a scalar. Now we define the ”moments”,
Qpq = e
∫
dµ(p)zpz¯q
(
a†(p)a(p)− b†(p)b(p)) = Q†qp, (p, q) ∈ Z (4.64)
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Now as we have already discussed in the case of supertranslation, to get globally defined
charges we should expand f(z, z¯) in speherical harmonics on the S2. But it is easier to work
with the above charges. This is also in the spirit of [1].
The commutator of Qpq with the Lorentz generators (L0, L±1, L¯0, L¯±1), as following from
Eq-4.63 is given by,
[Ln, Qpq] = −p Qp+n,q , [L¯n, Qpq] = −q Qp,q+n , [Qpq, Qp′q′ ] = 0 (4.65)
This is a level zero U(1) Kac-Moody algebra except that we have confined ourselves to
the global (Lorentz) conformal algebra. To connect it to the more familiar ”holomorphic”
and ”antiholomorphic” charges, we can define Qp = Qp,q=0 and Q¯q = Qp=0,q which satisfy,
[Ln, Qp] = −pQp+n, [L¯n, Qp] = 0, [Qp, Qq] = 0 (4.66)
[Ln, Q¯q] = 0 , [L¯n, Q¯q] = −qQq+n, [Q¯p, Q¯q] = 0 (4.67)
[Q, Q¯] = 0 (4.68)
One can repeat the same exercise with f(z, z¯) expanded in spherical harmonics. It will
be interesting to do that.
The most important question of course is how constraining the symmetries are once we
go to the interacting theory. For example the infinite dimensional global U(1) symmetry
of a free charged scalar particle is preserved if we couple it to photons [5, 33]. Then it is
realized as large gauge transformations at null-infinity. So it is sufficient to have photons in
the interacting theory. But is it also necessary ?
C. Discussion
If we confine ourselves to the Hilbert space only then the statement that a free massless
particle has infinite symmetries has, strictly speaking, no content. The Hilbert space of any
free particle already has an infinite number of conserved quantities given by the number
operators a†(p)a(p). We can take any arbitrary linear combination of the number operators
and generate another conserved quantity. A priori there is no reason to prefer one linear
combination over the other. But we know that some of them are distinguished by the
fact that they are related to space-time symmetries and are also symmetries of interacting
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theories. For example, Global space-time translations belong to this class but there are
many more. So how do we decide which symmetries are useful ?
The connection between soft-theorems and symmetries suggest that in the free Hilbert
space of massless particles we consider hermitian operators of the form,
QK =
∑
σ,σ′
∫ ∫
dµ(p)dµ(p′)a(p, σ)†K(σp, σ′p′)a(p′, σ′) (4.69)
where K is a hermitian kernel which we assume to be local in momentum space, i.e, it
is a sum of derivatives of a finite number of momentum space delta function. Now let us
impose the following reasonable conditions :
1) The hermitian operators QK corresponding to different K’s should form a closed
algebra under commutation. The algebra may be finite or infinite dimensional. In the two
examples we have studied they are infinite dimensional.
2) It seems that as far as the free theory is concerned we can think in terms of (quantum)
fields either on Minkowski space or on the (u, z, z¯) space. The action of QK on the fields
should be local in at least one description. Supertranslations are examples of this. The
action of Tf for a generic f is local only in the (u, z, z¯) space whereas global translations are
local in both descriptions.
QK ’s satisfying at least the above two conditions may reasonably be said to form a
symmetry algebra of a free massless particle. Now, heuristically speaking, free particles
are maximally symmetric objects. So classifying all possible kernels K subject to the con-
straint that the charges QK satisfy the above two conditions can possibly give us the global
symmetries that a putative interacting theory of massless particles can have. This is a
mathematically well-posed problem and it will be interesting to know the answer.
V. S-MATRIX AND SOFT LIMITS
A. A Convenient Set Of Variables
In practice it is much simpler to write the creation and annihilation fields in terms of the
new variables defined as,
U = u(1 + zz¯), ω =
E
1 + zz¯
(5.1)
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Under SL(2,C) (Lorentz) transformation
Λ(U, z, z¯) =
(
U
|cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(5.2)
and under space-time translation by a 4-vector lµ,
T (l)(u, z, z¯) = (u+ g(z, z¯, l), z, z¯) (5.3)
where
g(z, z¯, l) = (l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯ = (1 + zz¯)f(z, z¯, l) (5.4)
In terms of these new variables we can write,
A†λ,σ(U, z, z¯) =
1√
8pi4
∫ ∞
0
dω ωiλeiωU a†(p, σ) (5.5)
and
Aλ,σ(U, z, z¯) =
1√
8pi4
∫ ∞
0
dω ω−iλe−iωU a(p, σ) (5.6)
The null momentum p is now parametrized as,
p = ω(1 + zz¯, z + z¯,−i(z − z¯), 1− zz¯) = E
1 + zz¯
(1 + zz¯, z + z¯,−i(z − z¯), 1− zz¯) (5.7)
B. S-matrix
Let us now consider a M → N massless particle scattering. The quantum state of a
particle is specified by its null four-momentum p, helicity σ and an extra label n which
carries information about other internal quantum numbers like charge. The corresponding
creation and annihilation operators are denoted by a†(p, σ, n) and a(p, σ, n). Since we are
considering a scattering process, there are also the labels in and out depending on whether
the particle is incoming or outgoing.
Let us now introduce the in and out creation and annihilation free-fields in the (U, z, z¯)
space, defined as
A
†in/out
n,λ,σ (U, z, z¯) =
1√
8pi4
∫ ∞
0
dω ωiλeiωU a†in/out(p, σ, n) (5.8)
A
in/out
n,λ,σ (U, z, z¯) =
1√
8pi4
∫ ∞
0
dω ω−iλe−iωU ain/out(p, σ, n) (5.9)
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Using these we can write,
A˜
({n, λ, σ, U, z, z¯}) = 〈Ω| M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
SN←M
({pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
(5.10)
where |Ω〉 is the Poincare vacuum and the S-matrix is defined as usual by,
SN←M
({pi, σi, ni}, out ∣∣ {pj, σj, nj}, in) = 〈Ω| M+N∏
i=M+1
aout(pi, σi, ni)
M∏
j=1
a†in(pj, σj, nj) |Ω〉
(5.11)
We will refer to L.H.S of Eq-5.10 as the A˜-amplitude. This is essentially the integral
transform of the S-matrix and its generalization which appears in [7–9, 17]. As we will see
this form of the L.H.S is more convenient for discussing the soft limit.
It will be interesting to construct the interpolating fields on this space but this is beyond
the scope of the present paper.
C. Soft Limit
Let us now consider a M → N + 1 scattering process. We have added an extra particle
in the final state with momentum p and helicity σ which will be taken to be soft at the end.
The corresponding A˜-amplitude can be written as,
〈Ω|Aoutλ,σ(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
(
1√
8pi4
∫ ∞
0
dωω−iλe−iωU
M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
SN+1←M
({p, σ ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
(5.12)
In the definition of the A˜-amplitude all the external legs of the S-matrix are integrated over.
So in order to take the soft limit we have to make the leg corresponding to the would-be
soft particle free. This can be done by inverting the transformation at the soft leg. The
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resulting formula can be written as,
√
2pi2
∫ ∞
−∞
dλ ωiλ−1eiωU 〈Ω|Aoutλ,σ(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
SN+1←M
({p, σ ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
(5.13)
We can see that the outgoing leg of the S-matrix with momentum p and helicity σ is now
free. Now one can take the soft limit by multiplying both sides with appropriate factors of
ω and taking ω to zero. Let us denote this factor by f(ω).
lim
ω→0+
f(ω)
√
2pi2
∫ ∞
−∞
dλ ωiλ−1eiωU 〈Ω|Aoutλ,σ(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
lim
ω→0+
f(ω)SN+1←M
({p, σ ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
(5.14)
We will this formula to study the soft-limit.
VI. LEADING SOFT PHOTON AND GRAVITON
For leading soft photon and graviton we have to take f(ω) = ω. With this the Eq-5.14
becomes,
lim
ω→0+
√
2pi2
∫ ∞
−∞
dλ ωiλeiωU 〈Ω|Aoutλ,σ(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
lim
ω→0+
ωSN+1←M
({p, σ ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
(6.1)
Now consider the operator
Jσ,ω(z, z¯) =
√
2pi2
∫ ∞
−∞
dλ ωiλeiωUAoutλ,σ(U, z, z¯) = ωa
out(p, σ) (6.2)
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We have omitted the U dependence in Jσ,ω because it is equal to the U -independent anni-
hilation operator ωaout(p, σ). We can also work by keeping the U dependence and then the
soft theorems will imply that the U dependence is trivial. In fact this is more appropriate
from our point of view. We discuss this in detail in a later section.
Now using the SL(2,C) transformation property of Aλ,σ we get,
U(Λ)Jσ,ω(z, z¯)U(Λ)
−1 =
1
(cz + d)2h
1
(c¯z¯ + d¯)2h¯
Jσ,ω|cz+d|2
(
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(6.3)
where
h =
1 + σ
2
, h¯ =
1− σ
2
(6.4)
Now if we take the soft limit ω → 0+ we can define the soft-operator [12] Jσ(z, z¯) =
Jσ,ω=0(z, z¯) whose Lorentz transformation property is
U(Λ)Jσ(z, z¯)U(Λ)
−1 =
1
(cz + d)1+σ
1
(c¯z¯ + d¯)1−σ
Jσ
(
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(6.5)
We will now write Weinberg’s soft theorems in terms of the soft operator Jσ for σ = +1
and σ = +2.
A. Soft Photon Limit
For photons σ = ±1 and we denote the corresponding soft photon operators by J±(z, z¯)
whose SL(2,C) transformation property is given by,
U(Λ)J+(z, z¯)U(Λ)
−1 =
1
(cz + d)2
J+
(
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
, σ = +1 (6.6)
and
U(Λ)J−(z, z¯)U(Λ)−1 =
1
(c¯z¯ + d¯)2
J−
(
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
, σ = −1 (6.7)
So J± transform like (1, 0) and (0, 1) (quasi-) primary operators of a 2-D CFT.
Let us now write down Weinberg’s soft-photon theorem in terms of J±.
Let us consider a positive helicity (σ = +1) outgoing soft photon. In this case Weinberg’s
soft-photon theorem reduces to [5, 33],
lim
ω→0+
ωSN+1←M
({p, σ = +1 ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
=
1√
2
[ M+N∑
i=M+1
Qi
z − zi −
M∑
j=1
Qj
z − zj
]
SN←M
({ pi, σi, ni}, out ∣∣ {pj, σj, nj}, in) (6.8)
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where Qp is the charge of the p-th particle. Substituting this in Eq-7.1 we get the following
relation,
lim
ω→0+
√
2pi2
∫ ∞
−∞
dλ ωiλeiωU 〈Ω|Aoutλ,σ=+1(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1√
2
[ M+N∑
i=M+1
Qi
z − zi −
M∑
j=1
Qj
z − zj
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.9)
In terms of the soft-photon operator J+(z, z¯) Weinberg’s soft-photon theorem takes the
following form,
〈Ω| J+(z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1√
2
[ M+N∑
i=M+1
Qi
z − zi −
M∑
j=1
Qj
z − zj
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.10)
The leading soft photon theorem appears in this form in [1] written in a different basis
of states. This has the form of a U(1) Kac-Moody ward identity in a 2-D CFT [1, 5, 10]
except that now the fields depend on an extra coordinate given by U . But the U direction
does not play any role in this case.
B. Soft Graviton Limit
Let us now consider a positive helicity (σ = +2) outgoing soft-graviton. In this case
Weinberg’s soft graviton theorem can be cast in the following form [3],
lim
ω→0+
ωSN+1←M
({p, σ = +2 ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
=
κ
2
[ M∑
j=1
ωj(z¯ − z¯j)
z − zj −
M+N∑
i=M+1
ωi(z¯ − z¯i)
z − zi
]
SN←M
({ pi, σi, ni}, out ∣∣ {pj, σj, nj}, in) (6.11)
where κ =
√
32piGN . We have also parametrized an arbitrary null momentum pα as,
pα = ωα
(
1 + zαz¯α, zα + z¯α,−i(zα − z¯α), 1− zαz¯α
)
(6.12)
Now substituting this in Eq-7.1 we get
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lim
ω→0+
√
2pi2
∫ ∞
−∞
dλ ωiλeiωU 〈Ω|Aoutλ,σ=+2(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
κ
2
[ M∑
j=1
ωj(z¯ − z¯j)
z − zj −
M+N∑
i=M+1
ωi(z¯ − z¯i)
z − zi
]
SN←M
(
pi, σi, ni}, out
∣∣ {pj, σj, nj}, in)
(6.13)
Now in the same way we define the positive helicity soft-graviton operator O+(U, z, z¯) by
O+(z, z¯) = lim
ω→0
ωaout(p, σ = +2) = lim
ω→0+
√
2pi2
∫ ∞
−∞
dλ ωiλeiωUAoutλ,σ=+2(U, z, z¯) (6.14)
Using this operator we can write Eq-6.13 as,
〈Ω|O+(z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
{
κ
2
[ M∑
j=1
ωj(z¯ − z¯j)
z − zj −
M+N∑
i=M+1
ωi(z¯ − z¯i)
z − zi
]
SN←M
(
pi, σi, ni}, out
∣∣ {pj, σj, nj}, in)}
(6.15)
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Now applying ∂¯z to both sides we get,
〈Ω| ∂¯zO+(z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
{
κ
2
[ M∑
j=1
ωj
z − zj −
M+N∑
i=M+1
ωi
z − zi
]
SN←M
({pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)}
=
κ
2
[ M∑
j=1
−i∂/∂Uj
z − zj +
M+N∑
i=M+1
−i∂/∂Ui
z − zi
]
[
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
SN←M
(
pi, σi, ni}, out
∣∣ {pj, σj, nj}, in)]
=
κ
2
[ M∑
j=1
−i∂/∂Uj
z − zj +
M+N∑
i=M+1
−i∂/∂Ui
z − zi
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.16)
Therefore Weinberg’s soft-graviton theorem takes the following form,
〈Ω| ∂¯O+(z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
κ
2
[ M∑
j=1
−i∂/∂Uj
z − zj +
M+N∑
i=M+1
−i∂/∂Ui
z − zi
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.17)
Now using the relation
∂¯z
1
z − w = 2piδ
2(z − w) (6.18)
it is easy to check that the insertion of the operator T (g), given by
T (g) =
i
piκ
∫
d2zg(z, z¯)∂¯2O+(z, z¯) (6.19)
leads to
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〈Ω|T (g)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
[ M∑
j=1
g(zj, z¯j)
∂
∂Uj
+
M+N∑
i=M+1
g(zi, z¯i)
∂
∂Ui
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.20)
This relation means that the insertion of the operator T (g) generates a point transfor-
mation in the (U, z, z¯) space, given by,(
U, z, z¯
)→ (U + g(z, z¯), z, z¯) (6.21)
where g(z, z¯) is an arbitrary function on the plane. If we think of the (U, z, z¯) space as
the null-infinity in Minkowski space then these transformations can be identified with BMS
supertranslations [2, 13, 15].
Now as Eq-6.20 shows the A˜-amplitudes are not generically invariant under this trans-
formation [2]. But there are four transformations, corresponding to four global space-time
translations, under which A˜ remains unchanged. To see this let us first note that in terms
of the variable, U = u(1 + zz¯), global space-time translation by a 4-vector lµ is given by,
U → U + (l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯, z → z, z¯ → z¯ (6.22)
Now let g(z, z¯, l) denote the function g(z, z¯) corresponding to the global space-time transla-
tion by 4-vector lµ. Then,
g(z, z¯, l) = (l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯ (6.23)
It is also easy to see that,
∂¯2g(z, z¯, l) = ∂2g(z, z¯, l) = 0 (6.24)
Using g(z, z¯, l) we can write the identity given in Eq-6.20 as,
i
piκ
∫
d2z g(z, z¯, l)∂¯2 〈Ω|O+(z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
[ M∑
j=1
g(zj, z¯j, l)
∂
∂Uj
+
M+N∑
i=M+1
g(zi, z¯i, l)
∂
∂Ui
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.25)
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Now assuming that we are allowed to integrate by parts we get,
i
piκ
∫
d2z∂¯2g(z, z¯, l) 〈Ω|O+(z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
[ M∑
j=1
g(zj, z¯j, l)
∂
∂Uj
+
M+N∑
i=M+1
g(zi, z¯i, l)
∂
∂Ui
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
(6.26)
Now using ∂¯2g(z, z¯, l) = 0 we get,
[ M∑
j=1
g(zj, z¯j, l)
∂
∂Uj
+
M+N∑
i=M+1
g(zi, z¯i, l)
∂
∂Ui
]
〈Ω|
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉 = 0
(6.27)
This is essentially the statement of the invariance of the A˜ amplitude (or the S-matrix in
the Fock basis) under global space-time translations.
VII. A SLIGHTLY DIFFERENT TREATMENT OF THE SOFT-OPERATOR
Let us again consider the equation,
lim
ω→0+
√
2pi2
∫ ∞
−∞
dλ ωiλeiωU 〈Ω|Aoutλ,σ(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉
=
1
(
√
8pi4)M+N
( M+N∏
i=M+1
∫ ∞
0
dωiω
−iλi
i e
−iωiUi
)( M∏
j=1
∫ ∞
0
dωjω
iλj
j e
iωjUj
)
lim
ω→0+
ωSN+1←M
({p, σ ; pi, σi, ni}, out ∣∣ {pj, σj, nj}, in)
(7.1)
and study the following operator.
Jσ,ω(U, z, z¯) =
√
2pi2
∫ ∞
−∞
dλ ωiλeiωUAoutλ,σ(U, z, z¯) (7.2)
This is the same as ωaout(p, σ) but we do not want to use this fact in this section. This is
the reason why we have kept the U dependence in Jσ,ω. The only thing that we want to
use is the Lorentz transformation property of the objects involved in Eq-7.1. We will show,
using the Lorentz transformation property of Aλ,σ, that in the soft limit (ω → 0+) the soft
operator defined as Jσ(U, z, z¯) = Jσ,ω=0(U, z, z¯) transforms as a tensor in the (U, z, z¯) space.
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Then we invoke the soft theorem to show that the tensor Jσ(U, z, z¯) does not depend on U ,
i.e, ∂UJσ(U, z, z¯) = 0. This is an interesting phenomenon because no such thing can happen
in a Lorentz invariant theory defined on Minkowski space. The condition that a non-trivial
tensor function on Minkowski space be independent of time is not Lorentz invariant. But
the equation ∂UJσ(U, z, z¯) = 0 is in fact Lorentz invariant in (U, z, z¯) space. So the following
demonstration can be thought of as an overall consistency check of the procedure.
Using the transformation property of Aλ,σ we get,
U(Λ)Jσ,ω(U, z, z¯)U(Λ)
−1 =
1
(cz + d)2h
1
(c¯z¯ + d¯)2h¯
Jσ,ω|cz+d|2
(
U
|cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(7.3)
where U(Λ) is a SL(2,C) transformation and
h =
1 + σ
2
, h¯ =
1− σ
2
(7.4)
Now let us take the soft limit ω → 0+ and define the soft operator Jσ(U, z, z¯) to be
Jσ,ω=0(U, z, z¯). Under SL(2,C) transformation,
U(Λ)Jσ(U, z, z¯)U(Λ)
−1 =
1
(cz + d)2h
1
(c¯z¯ + d¯)2h¯
Jσ
(
U
|cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(7.5)
We can also study the transformation of Jσ,ω(U, z, z¯) under global translation by a four
vector lµ. The transformation property is given by,
e−il.PJσ,ω(U, z, z¯)eil.P = e−iωg(z,z¯,l)Jσ,ω(U + g(z, z¯, l), z, z¯) (7.6)
where
g(z, z¯, l) = (l0 − l3)− (l1 − il2)z − (l1 + il2)z¯ + (l0 + l3)zz¯ (7.7)
So in the soft limit ω → 0+ we get,
e−il.PJσ(U, z, z¯)eil.P = Jσ(U + g(z, z¯, l), z, z¯) (7.8)
So we can see that the soft-operator Jσ(U, z, z¯) transforms like an ISL(2,C) primary as
defined in [17].
Now soft theorem tells us that the correlator
〈Ω| Jσ(U, z, z¯)
M+N∏
i=M+1
Aoutni,λi,σi(Ui, zi, z¯i)
M∏
j=1
A†innj ,λj ,σj(Uj, zj, z¯j) |Ω〉 (7.9)
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does not depend on U . So we can write ∂UJσ(U, z, z¯) = 0 as an operator equation because
its matrix elements between arbitrary in and out states is zero. Let us now show that the
condition ∂UJσ(U, z, z¯) = 0 is in fact Lorentz invariant.
We can prove this more generally for any tensor φh,h¯(U, z, z¯) which satisfies
∂Uφh,h¯(U, z, z¯) = 0.
Under SL(2,C) transformation,
φ′h,h¯(U
′, z′, z¯′)
(
dz′
dz
)h(
dz¯′
dz¯
)h¯
= φh,h¯(U, z, z¯) (7.10)
where
(U ′, z′, z¯′) =
(
U
|cz + d|2 ,
az + b
cz + d
,
a¯z¯ + b¯
c¯z¯ + d¯
)
(7.11)
Therefore,
φ′h,h¯(U
′, z′, z¯′) = (cz + d)2h(c¯z¯ + d¯)2h¯φh,h¯(U, z, z¯) (7.12)
and
∂
∂U ′
=
∂U
∂U ′
∂
∂U
+
∂z
∂U ′
∂
∂z
+
∂z¯
∂U ′
∂
∂z¯
= |cz + d|2 ∂
∂U
(7.13)
Using this we get,
∂U ′φ
′
h,h¯(U
′, z′, z¯′) = |cz + d|2(cz + d)2h(c¯z¯ + d¯)2h¯ ∂Uφh,h¯(U, z, z¯) (7.14)
So ∂Uφh,h¯ transforms homogeneously under Lorentz transformation. So in the (U, z, z¯)
space, if it is zero in one frame then it is zero in any other frame. So Jσ(U, z, z¯) = Jσ(z, z¯).
This shows that in the (U, z, z¯) space we have well-defined Lorentz tensors of the form
φh,h¯(z, z¯).
VIII. DISCUSSION
In this paper we have tried to connect the lading soft theorems to symmetries in the
approach suggested by [7–9, 17]. This does This seems to raise more questions than it
answers. Let us list some of the pressing questions :
1) We have not dealt with the subleading soft theorems. There are fascinating new results
[34–37, 39–46] in this subject. In particular it will be interesting to understand subleading
soft graviton theorem and its relation to superrotation [10–12, 15, 16, 29–32] from this point
of view.
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2) The results of [7–9] are also applicable to the massive particles. It will be interesting
to extend the results of [17] to the massive case [51].
3) We have worked with creation and annihilation free fields on the (u, z, z¯) space. In
quantum field theory on Minkowski space we usually work with quantum fields built out
of both creation and annihilation operators. This is required by causality and locality in
space-time.
Can one define a reasonable notion of causality and locality in the (u, z, z¯) space ? This
should be possible because the Poincare group acts on this space. Using this, can one define
local quantum (free) fields on this space ? To what extent the interacting theory make sense
? If it makes sense then its (global) symmetry structure should be closely related to the
(global) asymptotic symmetries of quantum gravity in flat space.
4) It will be interesting to better understand the unitary representation of the four di-
mensional BMS group including superrotations [48–50].
5) Is there any possible holographic interpretation [7, 10–12, 47] ?
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